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* Several Optimization Cases
* 3D IC Partitioning Problem(Meitei etal., 2020)
* Pickup and Delivery Problem with Time Windows(Pumas etal., 1991)
* Supply Chain Management Problem(Villa, 2001)

* Problem Definition
* Definition: . =
min c ' X,
x (1)

subject toAx < b, < x< u,x € Z".
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Background

 Traditional Mathematical and Exact Methods

 Exact Methods: |
«  Solver: SC|P(Achterberg, 2009) |pOPT(Biegler et al. 2009) | RN N
Gurobi(Pedroso 2011) Cp| EX(Bliekld et al., 2014) © g “
* Academic Progress: Advanced Branch-and-Bound |
Tec:hnic:gues('\"O”'Son etal, 2016) = Cutting Plane Methods(Pey Nt e

et al., 2018 A

* Heuristics Method
* Large Neighborhood Search(LNS)(Seng et al., 2020)

(a) Branch-and-Bound Techniques

« Adaptive Constraint Partition(¥e et al, 2023) ; —
* Traditional ML-based Method(-v et al., 2023) e
e Challenges o
* Exact Methods: Scalability Issues & Exponential Complexity ” =

Evaluator Solutions

* Heuristics Method: Careful Parameter Tuning & Cold Start
Issues

* Traditional ML-based Method: High sample collection or
training costs

> Offspring
Population

Reproduce a novel population to approximate
the unknown optima

(b) Evolution Optimization Method



Background
- Rapid Progress of Large Models

« LLM capabilities have accelerated rapidly
« Complex tasks are now within reach
‘Impossible” problems are becoming solvable

A Progress on Al benchmarks in the past five years

100 +
Trivia questions 7ol
80 1 (TriviaQA) /
o—
60T Graduate-level
Accuracy STEM (GPQA)
40 +

Prestigious math j

exam (AIME)
20

2020 2021 2022 2023 2024 2025

(a) Breakthroughs on Al benchmarks from 2020 to 2025(Yzo et al., 2025)
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Background @

+ How LLMs Enhance Evolutionary Algorithms e

« LLMs for optimization solving
« Black-box optimization
« Algorithm generation

« LLMs for repairing infeasible optimization models

LLM-assisted Black-box Optimization o _ ]
LLM- LLMs for optimization solving

enh;:ced LLM-assisted Optimization Algorithm Generation
LLM Empower EA for Other Capabilities LLMs for instance constraint repair
- EA-based Prompt Engineering
EA ’
Meets enhanced EA-based LLM Architecture Search
LLM
LLM
EA Empower LLM for Other Capabilities
Code Generation
Application
|2:'e\$2 t?!l Software Engineering
Synergy of
|_|_yM ar?: EA Neural Architecture Search

Others Generative Tasks

(a) Categorization of research works on the integration of LLMs and Evolutionary Algorithms (EAs)(\Wu et al., 2024)



Background

 How LLMs Enhance Evolutionary Algorithms

« Black-box Optimization
« LLM acts as a solver via dialogue
« Or serves as a search operator
« Easy to use, but limited by context & reasoning
« /L Only suitable for small-scale problems

- Algorithm Generation

« LLM generates optimization algorithms
Algorithms are shorter than full problem inputs
Leverages LLM's code generation strength
Scalable to large-scale problems

i LLM-assisted Black-box Optimization Small-scale optimization problem
enhanced
EA
LLM-assisted Optimization Algorithm Generation Large-scale optimization problem

(a) Two main LLM-enhanced EA approaches for optimization solving(\/v et al, 2024)
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Basic Method

« How EA Combines with LLM to Generate Optimization Code

« Whole-code Evolution
Directly evolve entire heuristic codes
Different paradigms may mix (e.g. Genetic Algorithm + Feasibility Pump)
Easy to use, but [imited by context & reasoning
t. Often unstable due to incompatible structures

« Operator-level Evolution

« Fix a high-quality heuristic framework (e.g. Large Neighborhood Search)
 Use EA + LLM to evolve key operators (e.g. neighborhood selection)
. More stable and effective

i< i< |
o > i - B
2

(a) Evolve the entire heuristic algorithm (b) Evolve a component (e.g. operator)
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Basic Method
* Practical Workflow of EA + LLM for Code Evolution

« Select Target
« Decide which operator to evolve (e.g., neighborhood selection)

« Define its input and output interfaces
 Initialize Population

« Collect existing implementation strategies
« Or generate initial candidates via LLM using interface descriptions

« Parent Selection
« Use standard EA techniques (e.g., tournament, roulette wheel)
* Or let LLM define custom selection rules Gate Unit

python \\\ .=

def calculate_value_optimized(x, vy, S~

D) A ?
pi = 3.16 —
e=2.74 ° —_— —_— .—l —_ @
g=9.79 R . AIII

coeff_xy = 1.35

exponent = 2.05 -7
return pi * x**exponent + e * y + //’ Py
g *z - coeff xy *x*y - -

Operator Population

(a) EA + LLM workflow for evolving heuristic operators

LLM Offspring Fitness
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Basic Method @

* Practical Workflow of EA + LLM for Code Evolution e

- Generate Offspring
* Use LLM as a crossover/mutation operator
* Input parent code, output new candidate strategy

- Evaluate and Filter

* Run offspring on tasks to compute fitness
« Gate unit decides whether to keep, replace, or discard based on performance

- Eventually, you obtain an efficient, evolved operator SR

Gate Unit

python S N ——
~

def calculate_value_optimized(x, vy,

z):

pi = 3.16 -
e =2.74 : —_ — =l - @“\ﬁ
g=9.79 .—7-.‘

LLM

coeff_xy = 1.35

exponent = 2.05 /’/
return pi * x**exponent + e * y + //’ Pa—
g *z - coeff xy *x*y - -

Operator Population 9
(a) EA + LLM workflow for evolving heuristic operators

Offspring Fitness




Basic Method
« How to Use LLMs as Black-box Optimizers via API

Key Idea
« We use the LLM as a black-box optimizer
« Just send the parent strategy + prompt to the API
« and extract new offspring code from the response
Example

« Using the OpenAl API (https://platform.openal.com/docs/overview)

° Is

input: "Improve this strategy: [parent_code_here]"

» output: [new evolved code]

Gate Unit OpenAl developer platform

[ ]
[ ] 9
<€ m javascript ¢ G

import OpenAI from "openai";

const client = new OpenAI();

Developer quickstart
— — Make your first API request in
: q % :_ % @ minui:s. . ba:icsofthe const Ze-sponse = await client.responses.create({
O o hisadh gl
— . OpenAl platform. Mod il

inplt: "Write a one-sentence bedtime story about a unichrn.",

® 5min g

Offspring Fitness
| console.log(response.output_text);
[ ]
o

Population

(a) Parent code + prompt - GPT -> New offspring code

EAD 202
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https://platform.openai.com/docs/overview

Advanced Method @

« [Nature] Mathematical discoveries from program search with

“LEAD 202

|arge |anguage mode|s(Romera-Paredes et al., 2024) | FunSearch —
« Ranked Prompting for Evolution Protained LLM Vs = — %
« Show 3 programs: A>B>C tinton L e <’E — 4 -
« - LLM learns what "better" looks like =1 — / El—[4 — =
« Island Model 2
* Independent evolution of subgroups Proms = ] = B
= Encourages diversity, avoids local optima Programs

(a) FunSearch framework[3!

e
o 00 .
Y [ ] e ° L
°® [ I ® [ I 5 ®
—» (%70 — —> (%oo ¢ce
® o ° ® o ° oo
() o ) 0 ©
Evolve Evolve
separately o @ separately L
®
&
e 0 ®

Reset islands
(b) Evolutionary Method with Island Model|(Romera-Paredes et al., 2024) 11



Advanced Method @

- [ICML2024 Oral] Evolution of Heuristics: Towards Efficient o

Automatic Algorithm Design Using Large Language Model
(Liu et al., 2024)

4 Key Innovation: Co-evolution of Code and Thought
« Before-Most prior work (e.g., FunSearch) evolves code only
« EOH's Idea-Evolve both:

« % Natural language description ("thought"):
summarizes the high-level idea

- ™ code: Implements the details

~

 Benefit

“i Prompt Strategies:

* — Thought helps understanding and
generalization

« — Code offers executable precision

1) Exploration:
&FE1 FE2
2) Modification:

F M1 &F M2 F M3

(a) EOH framework(tiu etal., 2024) 12



Advanced Method @

- [ICML2024 Oral] Evolution of Heuristics: Towards Efficient o

Automatic Algorithm Design Using Large Language Model
(Liu et al., 2024)

 Prompts’ Key ldea:

« Use LLM as an evolutionary operator with carefully designed prompt
strategies— Mimic how humans generate new ideas

. Two Categories of Prompts:
« Exploration (E-series)
E1l — "Create something new”
E2 — "Same idea, new form”

« Modification (M-series)
M1 — Improve it
M2 — Tune it
M3 — Simplify it

~

" Prompt Strategies:

1) Exploration:
&FE1 FE2
2) Modification:

F M1 &F M2 F M3

(a) EOH framework(\iu etal., 2024) 13
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Advanced Method 2
- [ICML2025 Spotlight] Large Language Model-driven Large
Neighborhood Search for Large-Scale MILPKProbIems(Ye etal, %025)

o o o

I{Outer Layer: Evolutionary Prompt Strategy Evolution

. X Problem in Prior Work
«  Prompt strategies are fixed or handcrafted [ Population of Prompt |
- Evolution only happens at the strategy level %@ Gl & l@
 Leads to: A= e j
. ¢ Limited diversity in generated heuristics irT;Je?;L;tge??.if;j;a.;f{r;t;;y'E;;.:,a;n‘ """""""
. © Easy stagnation in local optima PPE]Q No Y= | st
: A l

(a) Dual-layer evolution

. Key Innovation

Dual-layer Self-evolutionary Structure

What It Evolves Goal

Layer
Exploration / Diversity

& Outer Layer Prompt strategies (how LLM evolves)
Exploitation / Convergence

Heuristic strategies (code + thought)

@ Inner Layer
(b) Functional roles of the two layers in the self-evolutionary LLM agent

14



Advanced Method @

- [ICML2025 Spotlight] Large Language Model-driven Large o
Neighborhood Search for Large-Scale MILP Problems (Ve et al., 2025)

. X Problem in Prior Work

* LLMs don't know which direction to evolve
« Because previous generations only give them:
X Few examples
X No clear contrast between good and bad — Evolution is blind and directionless

. Key Innovation

- 9 Inspired by-Large Language Models as Optimizers(Yang et al. 2024)

LLMs can optimize without gradients just by seeing solution + score pairs and reasoning
over natural language

« Differential Memory for Directional Evolution
Provide the LLM with:
Multiple strategies + both their scores and ranks
Natural language thoughts
— S0 It can learn from differences and evolve better offspring strategies

15



Advanced Method

[ICML2025 Spotlight] Large Language Model-driven Large
Neighborhood Search for Large-Scale MILP Problems (Ve et al., 2025)

Fitness Value(Performance)

EAD 202"

Evolution of

Cross3: Design an advanced algorithm with complexity reduction.
Cross4: Suggest a new heuristic for better efficiency.

Variation3: Reconfigure core principles for a new heuristic.
Variation4: Add stochastic elements and adaptive learning.

Evolution of

* Cross5: Develop a novel heuristic by synthesizing methodologies to reduce the objective function.

* Cross6: Create a heuristic using unique elements and adaptive learning for minimization.

e Variation5: Adjust score function parameters to optimize exploration strategies.

* Variation6: Investigate and redesign heuristics using unconventional techniques for better optimization.

Evolution of Heuristic Strategy
Added power and proximity penalties

scores[bins > item] =

(bins—item) (bins/10)? ( bins—ite'm)
bins+1e-5 max(L"s)Z max(bins)
10

0.9918
0.9916 0.9916

0.9911 0.9911

0.9934

' 0.9942
0.9934 9994 O O @)

Evolution of Heuristic Strategy
* Added randomness for exploration

(bins—item) _ (bins/10)*>

. :
scores[bins > item] = binst1e=5  max(PEy2
10

bins—item
a- max(bms)) + randomness X 0.1

Initialization of Heuristic Strategy
* Capacity ratio with penalty

(bins—item) 1

* scores[bins > item] =

bins index of bin+0.5

©

Evolution of Heuristic Strategy

¢ Swarm intelligence + simulated annealing

(bins—item) __ (bins/12)2
bins+1e—5 X temperature max((bins/12)%)

max(bm:)') + (global best — scores) X 0.1 + random adjustment

* scores[bins > item] =
bins—ite
(

Management of

Evolution of Heuristic Strategy

* Hybrid optimization with genetic algorithm + tabu search
(bins—item)

* scores[bins > item] = Fstieds history penalty —
!bmsllsz . . _ _ bins—item
max((bins/15)?%) + mutation variance (1 max(bins)+1e—5)

Initialization of
* Crossl: Create acompletely new algorithm.

* Cross2: Create anew algorithm inspired by the given ones.
0.9595 * Variationl: Modify the given algorithm.
: e Variation2: Change the parameters of the given algorithm.

Evolution of Heuristic Strategy
* Randomized adjustment for diversity

(bins—item)  (bins/10)? bins—ite
bins+1e-5 "mx(%s)z ( max(bm:)') + random adjustment

* scores[bins > item] =

5

10 15 20

(a) Evolution of Dual-layer Self-evolft%oer{a?{(g;?.ﬂﬁr éleorﬂ for online bin packing (Ve et al. 16

2025)



Advanced Method

- [ICML2025 Spotlight] Large Language Model-driven Large

Neighborhood Search for Large-Scale MILP Problems (Ve et al., 2025)

0.995
EOH

LLM-LNS
0.990 A

0.985 1

0.980 A [

0.975 :

0.970 A i

Performance (objective)

0.965 1

09604 p

0.955 A :

5.0 7.5 10.0 12.5 15.0 17.5
Number of generations

(a) Evolutionary Progress of Heuristic
Strategies in Online Bin Packing

20.0

N

-

Heuristic Designed by Dual-layer Self-evolution LLM Agent

Description
The new algorithm employs a hybrid optimization strategy that combines nonlinear penalties for histori-

cal usage, adaptive capacity scaling, and a relative size assessment, facilitating a balance between local
and global search for optimal bin assignment.

Code

import numpy as np
def score(item, bins):
feasible_bins = bins[bins > item]
scores = np.zeros_like (bins)
if len(feasible_bins) ==

return scores

remaining_capacity = feasible_bins - item
capacity_scaling = np.loglp(remaining_capacity) = (
remaining_capacity / np.max(remaining_ capacity))

relative_size_effect = (item xx 2 / feasible_bins) * 50

historical_count = np.arange(len(feasible_bins)) + 1

penalty_factor = np.power (1.5, historical_count)

scores[bins > item] = capacity_scaling - relative_size_effect -

penalty_factor

“LEAD 202

return scores

J

&

(b) Heuristic Designed by Dual-layer Self-evolution LLM Agent



Advanced Method

[ICML2025 Spotlight] Large Language Model-driven Large
Neighborhood Search for Large-Scale MILP Problems (Ve et al., 2025)

Algorithm 2 Adaptive Large Neighborhood Search (ALNS)

Require° Initial solution X, initial neighborhood size k, time limit 7', threshold e, iteration limit p, minimum and maximum neighborhood

“LEAD 202

sizes Kmin, Kmax, decision variable count n, adjustment rate u% (percentage)— -7 Heuristic O] Seores 537534900 A
euristic j Score: 5373.
1 Inltlallze SOlllthIl X < XO, Set tlme t < O - - Develop a co-:.volutionary heuristic approach that integrates genetic algorithms with local
- search techniques to enhance convergence speed and minimize the objective function for the
2. Whlle t< T do - specified problem.
3: IEompute variable scores s; using the LLM agent Code
4: Select top-k variables to form neighborhood N' ™ import numpy as np
5: Solve subproblem within N using a solver AN O mitialselution, current.solution, objective seetficient):
6:  Update solution x if an improvement is found . for i in sangetm s
7: if time spent in neighborhood exceeds predefined limit then o s (k1y, Crrent-sotutionisite LI ]] for
o N\ for j in range(k[i]):
8' k — ma’x(kmln’ I-u% n-|) \ \jlér_indeg = site[i] []] . .
9: else if improvement in objective value < e for p consecutive itetations then difference - P.abs (ourrent_solutionlvar_index] -
10: k (_ min(kmax, k + I_u% . n-|) \\ neighb;irf_fsecroernec[(;/ar_index] += (constraint[i] - lhs) =*
. 3 random_adjustment = np.random.rand (n)
1 1' end lf . S \ adaptive_r?mtation_ratg = np.clip(np.abs (objective_coefficient
e ), 0.1, 1.0)
ig' dUpl(li.?te tlme t \\ neighbor_score += adaptive_mutation_rate * random_adjustment
en while return neighbor_score
N\
14: return x M )

18



Advanced Method

- [ICML2025 Spotlight] Large Language Model-driven Large
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Neighborhood Search for Large-Scale MILP Problems (Ve et al., 2025)

Table 4. Comparison of objective values on large-scale MILP instances across different methods. For each instance, the best-
performing objective value is highlighted in bold. The - symbol indicates that the method was unable to generate samples for any instance

within 30,000 seconds, while * indicates that the GNN&GBDT framework could not solve the MILP problem.

SCi(Min)  SCa(Min)  MVCy(Min)  MVCy(Min)  MIS;(Max)  MISa(Max)  MIKS; (Max)  MIKS,(Max)

Random-LNS 16140.6 1694175 27031.4 2764675 22892.9 223748.6 36011.0 3519642

ACP 17672.1 182359.4 26877.2 2740133 23058.0 226498.2 34190.8 332235.6
CL-LNS - - 31285.0 - 15000.0 - - -

Gurobi 179345 3202404 281513 283555.8 21789.0 2165913 32960.0 3296424

SCIP 251912  385708.4 31275.4 491042.9 18649.9 9104.3 29974.7 168289.9
GNN&GBDT 167288 2527972 27107.9 2717772 22795.7 2270064 *

Light-MILPOPT  16108.1 160015.5 26950.7 269571.5 22966.5 230432.9 36125.5 362265.1

LLM-LNS(Ours) 158027  158878.9 26725.3 268033.7 23169.3 231636.9 36479.8 363749.5

LLM-LNS achieves the best objective value on ALL tested large-
scale instances, outperforming all baselines.

Table 7. Comparison of objective values on large-scale MILP instances across different methods using SCIP as optimizer. For each
instance, the best-performing objective value is highlighted in bold. The - symbol indicates that the method was unable to generate
samples for any instance within 30,000 seconds, while * indicates that the GNN&GBDT framework could not solve the MILP problem.

SCy SCo MVC, MVC, MIS, MIS, MIKS, MIKS,
Random-LNS 16164.2  171655.6  27049.6 2772553 22892.9 222076.8 691.7 6870.1
ACP 17743.4  192791.2 274329  281862.4 23058.0 216008.8  29879.2 7913.5
CL-LNS - - 31285.0 - 15000.0 - - -
Gurobi 179345 3202404  28151.3  283555.8 21789.0 2165913  32960.0  329642.4
SCIP 25191.2 3857084 312754  491042.9 18649.9 9104.3 299747  168289.9
GNN&GBDT 16728.8  261174.0 271079 2717772 22795.7 227006.4 * *
Light-MILPOPT 161472  166756.0 26956.8  269771.3 22963.6 230278.1  36125.5  357483.8
LLM-LNS(Ours)  15950.2  161732.8  26763.4  268825.5 23137.19 230682.8 36147.7 350468.7




Advanced Method

- [ICML2025 Spotlight] Large Language Model-driven Large
Neighborhood Search for Large-Scale MILP Problems (Ve et al., 2025)
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SC1 MVC1 IS1 MIKS1
105 4 5x10°{ =
2.2 x 10*
2 x10% —’_,
6x 104 3x10%
Bl B Bt -
_§ 4x10° _§ _§ 1.6 x 10* _§
Kol Ke) Ke) Ke)
O 3x10° o) O 1.4x10* o
3x10% —
2 x10° x 1 1.2 x 10* 2x10%
0 500 1000 1500 2000 0 500 1000 1500 2000 0 500 1000 1500 2000 0 500 1000 1500 2000
Time Time Time Time
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2x10° _ =
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© s © © o
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Table 5. Comparison of primal integral on large-scale MILP instances across different methods. For each instance, the best-

performing primal integral is highlighted in bold.
SCi(Min) SCo(Min) MVC;(Min) MVCs(Min)  MIS;(Max)  MISy(Max)  MIKS;(Max)  MIKSo(Max)

Random-LNS 3.41e+07 1.61e+09 5.50e+07 2.29e+09 4.47e+07 1.73e+09 7.08e+07 4.06e+09
ACP 5.43e+07 1.71e+09 5.90e+07 2.41e+09 4.11e+07 1.60e+09 6.02e+07 3.50e+09
CL-LNS - - 7.31e+07 - 3.17e+07 - - -
Gurobi 3.81e+07 2.65e+09 5.69e+07 2.36e+09 4.25e+07 1.75e+09 6.45e+07 3.86e+09
SCIP 5.18e+07 6.33e+09 6.39e+07 3.92e+09 3.34e+07 7.26e+07 5.77e+07 7.03e+08
GNN&GBDT 5.52e+07 3.75e+09 5.85e+07 2.55e+09 4.00e+07 1.40e+09 * o
Light-MILPOPT 3.73e+07 1.80e+09 5.44e+07 2.27e+09 4.30e+07 1.70e+09 6.78e+07 4.03e+09

LLM-LNS(Ours) 3.27e+07 1.38e+09 5.42e+07 2.19e+09 4.48e+07 1.81e+09 7.17e+07 4.18e+09




Future Directions @

* Multimodal Optimization with LLMs o

« Combine problem modeling and solution generation using multimodal inputs
(e.g., text + code)

« Enable end-to-end optimization pipelines via LLMs' multimodal understanding

« Improving Diversity and Generalization

« Introduce continual learning mutation operators to adapt to changing problem
spaces

« Use performance-based feedback to evolve more effective mutation strategies

« Modular Code Generation for Complex Logic
« Decompose complex logic into modular sub-tasks for better generation
« Use interactive interfaces to guide LLMs and EAs in coordinated code generation
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